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TWISTING AND EXPANSION OF A HOLE IN A
NON-UNIFORM DISKt

JENN-MING CHERNt and S. NEMAT-NASSER§

Department of the Aerospace and Mechanical Engineering Sciences,
University of California. San Diego, La Jolla, California

Abstract-Finite and infinitesimal deformation of an infinitely extended, axisymmetric disk of a non-uniform
initial thickness with a circular hole is considered. The disk is loaded along the interior surface of the hole by
pressure and twisting moment ofnon-decreasing magnitudes. A state ofplane stress is assumed and the incremental
theory of plasticity is used. The material of the disk is assumed to be rigid-plastic for finite deformation and
elastic-plastic for infinitesimal deformation. The analyses are based on the Tresca yield criterion and the isotropic
hardening law, and emphasis is placed on the effects of the twisting moment, hardening parameter and loading
path on the solution. Detailed results and comparisons are given for an initially uniform and an initially conical
disk. Finally. comparison is made between solutions for elastic-plastic and rigid-plastic disks, revealing that the
stress field is only slightly affected by the elastic strains.
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WpO'o
a
bo.b
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a function of t
plastic regimes in initial yielding
plastic regimes in subsequent yielding
a function of rn. nand PI
Young's modulus
= E/O'o
a function of n, R o and Po
functions of ii, R and Po
Ho = ho/rxo, H = h/rxo
dimensionless load parameters defining pressure and twisting moment, respectively
R o = ro/bo• R = r/bo
dimensionless radial and circumferential displacement-components; U, = u,/bo• U. = u./bo
dimensionless radial and circumferential velocity-components; V, = v,/bo, Vo = v./bo
plastic work/unit volume
hardening parameter
radius of circular hole in undeformed and deformed states, respectively
= b/bo
a function of t
yield function
thickness of the disk in undeformed and deformed states, respectively; ho = rxo{ro/bo)n
radial distance in undeformed and deformed states, respectively
time parameter
radial and circumferential displacement-components
radial and circumferential velocity-components
functions of R and Po
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curves in the plane of load parameters
constants defining the initial thickness of disk; ho = 1X0(ro/bol"
thickness of the disk at the edge of the hole in undeformed and deformed states, respectively
constant depending on n and v
material constant; '1 = Qao/E
elastic strains
plastic strains
interface between rigid and neutral plastic regions
interface between elastic and elastic-plastic regions
interface between neutral and active plastic regions
interface between active plastic regions
= Pjrn, rn '" 0
a nonnegative function depending on state of stress
Poisson's ratio
a function of ii and R
initial and subsequent yield stresses in simple tension
= a/ao
stress components
ii, = a,/ao, ii. = a./ao, ii,s = a,./ao
angular coordinates of particles in undeformed and deformed states, respectively
material-time-derivative of (... j

1. INTRODUCTION

THE problem of the expansion of a circular hole in an infinitely extended disk of a uniform
initial thickness, subject to a pressure applied along the edge of the hole, has been considered
by Taylor [1], Hill [2], Prager [3] and Hodge and Sankaranarayanan [4]. A similar problem,
but for an initially non-uniform disk, and under the assumption of plane stress, has been
considered by Alexander and Ford [5], Rogers [6], Nemat-Nasser [7], Chern and Nemat­
Nasser [8] and Chern [9]. In the case when a pressure is applied on the interior surface of
the hole, a similarity solution becomes possible and the problem may be characterized by
only one time-space independent variable.

For a combined loading problem, where the interior surface of the hole is subjected
to both a pressure and a shear loading, the geometric similarity does not exist, and the
solution becomes more complicated. Nordgren and Naghdi [10] considered the problem
of simultaneous expansion and twisting of the interior surface of a hole in a finite or infinite
plastic plate of a uniform initial thickness, using the yield conditions of Tresca and Mises
and the associate flow rules together with an isotropic hardening law. A complete solution
is given by these authors for Tresca's yield criterion and its flow rule. These authors [11]
also analyzed a similar problem using an infinitesimal theory, and discussed the unloading
solution.

In this paper, we first consider the axisymmetric, finite expansion and twisting of a
circular hole in a disk of a variable initial thickness. A state of plane stress is assumed,
and Tresca's yield criterion together with the isotropic hardening law is used. Detailed
numerical results are given for the initially uniform and conical disks, and the effects of
twisting moment, hardening parameter, and loading path on the field quantities are
investigated. The problem is then reconsidered on the basis of an infinitesimal theory,
including the elastic strains. The effect of the elastic strains on the field quantities, and
the possible justifications for the assumption of rigid-plasticity are examined. We note that,
from the solutions presented in this paper, some of the results of the previous investigations
[10,11] are deduced as special cases.
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2. STATEMENT OF PROBLEM AND BASIC EQUATIONS
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We consider the axisymmetric expansion and twisting of a circular hole in an infinitely
extended, axisymmetric disk of the initial contour ho = rto(rolbo)", where ro measures
radial distance in the undeformed state, bo is the initial radius of the hole, and CXo and n
are constants; CXo is the initial thickness of the disk at the edge of the hole. Let the radius
and the thickness at the edge of the hole in the deformed state be denoted by band cx,
respectively. On the inner boundary r = b, the disk is subjected to a normal compressive
force of magnitude PCXo(1o, per unit circumferential length, and a twisting moment of total
magnitude mncxob5(10, where (10 is the initial yield stress in simple tension for the considered
material, and P and m are the dimensionless load parameters which are assumed to be
non-decreasing functions of a time parameter t. Since a quasi-static loading is considered,
t denotes a conveniently selected, monotonically increasing (or perhaps decreasing)
parameter.

Referring to cylindrical coordinates (r, 8, z), we denote the Eulerian stress-components
by (1" (10, (1rO and (1z, the displacement-components by Ur and uo, the velocity-components
by Vr and Vo, the current thickness of the disk by h, the Young's modulus by E, and introduce
the following dimensionless quantities:

f - - - - E-} - { Ell((1" (10, (IrO' (1z, - (1" (10, (1rO' U z , j (10

{H,Ho,fi.,li} = {h,ho,cx,b}/rto, (2.1)

For a state of plane stress with iiz = 0, the non-zero stress-components satisfy the following
equations of equilibrium:

(2.2a)

(2.2b)

and the velocity-components are given by

V. = R(R, t), Vo = RO(R, t), (2.3)

where a superposed dot stands for the material-time-derivative, that is, partial time­
derivative with the initial particle position, Ro, held fixed. Hence, the non-zero components
of the strain-rate tensor are

. av.
er = aR'

V.
R

(2.4)

where 8r and 80 satisfy the following compatibility condition:

8r = aaR (R80). (2.5)
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We note that in the infinitesimal theory, no distinction needs to be made between Rand
Ro, and, thus, (2.4) may be written as

oUr
Gr = oR'

Ur

Ge =R' (2.6)

For an elastic-plastic material, the strain-rate tensor may be decomposed into the
elastic and plastic parts which will be designated by the superposed prime and double
primes, respectively. The elastic strain-rates are related to the stress-rates by Hooke's law

(2.7)

where v is Poisson's ratio. The plastic strain-rates are related to the stress-rates by the
plastic flow rules.

For the state of plane stress with iiz = 0, the dimensionless principal stresses iiI and ii2

are given by

(2.8)

According to Tresca's yield criterion and isotropic hardening law, with yield stress in
simple tension denoted by (J == ii(Jo, and the hardening parameter designated by a, the
yield function has the form

where

and

iT = aWp with ii = 1 for Wp = 0,

(2.9)

(2. lOa)

(2. lOb)

where Wp(Jo is the work expended/unit volume in plastic deformation. Tresca's yield
function (2.9) defines a yield hexagon in the iiI, iirplane (Fig. I). In accordance with the
isotropic hardening law, the initial yield hexagon (with ii = 1) expands uniformly as the
plastic deformation continues. As we shall see, only the plastic regimes defined by the side
AB and the corner B of the yield hexagon in Fig. 1 are of interest to us. On the regular
regime AB, the yield function becomes

(2.11a)

and the corresponding plastic strain-rates, as determined by the flow rules, are

(2. 11 b)
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FIG. 1. Tresca's yield function and isotropic hardening law.

At the singular regime B, on the other hand, we have

iir+iie = -ii,

In (2.11) and (2.12)

0:::; y :::; 1,

and the plastic incompressibility

833

(2. 12a)

(2.12b)

(2.13)

(2.14)

is also used. We note that a state is on the regular regime AB (or A'B', see Fig. 1) if ii2 <
o < ii I, which is fulfilled provided that

(2.15)

as can be seen from (2.8). Substitution of (2.11) and (2.12) into (2.10) shows that, on the
regimes AB and B, the isotropic hardening law takes on the form

(2.16)

For the loadings considered here, the stress field must satisfy the boundary conditions

iir = - P(t)/fi. at R = 5, (2.17a)

(2.17b)
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and for points at infinity we must have

The solution of (2.2b) with the boundary conditioI' (2.17b) is

iiro = im(t)/HR 2
.

(2.17c)

(2.18)

(2.19)

When no plastic deformation has taken place, the disk is fully elastic, Gr = G~, GO = G8

and GrO = G;o, In this case, the infinitesimal theory may be used, and hence we set R = Ro
in the equations of equilibrium. Upon substitution of the expression for the initial contour
of the disk into the equation of radial equilibrium (2.2a), we obtain

_ _ oiir
ao = (n+ l)ar +R iJR'

We may eliminate iiofrom (2.19) by using stress-strain relations [i.e. (2.7) without superposed
dots] and the compatibility condition [i.e. (2.5) without superposed dots], and solve the
resulting second order ordinary differential equation for ii" subject to the boundary
condition (2.17c), obtaining

(2.20a)
From (2.19), iio now is

(2.20b)
where A is a function of t, and

(2.20c)

(2.21 b)

The strain can then be readily obtained by substitution from (2.20) and (2.18) into the
stress-strain relations, yielding

A
Gr = -:E [I + v(P - n -l)]R - /l, (2.2Ia)

A
GO = =[(p-n-I)+v]R-/l,

E

1+ V R"+2
Gr8 = 2£ m ,

_ Av -/l
Gz - £ (n+2-J1)R .

(2.2Ic)

(2.2Id)

Substituting (2.21) into (2.6), integrating the resulting equations with respect to R from R
to 00, and using the boundary condition (2.17c), we obtain

u = _~ 1+v R"+I
o E n+2 '

H = H{l+ ~(2+n-p)R/lJ

(2.22a)

(2.22b)

(2.22c)
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We note that for n = 0, (2.22c) reduces to H = H o. Since the disk is fully elastic, the
integration constant A (as a function of t) is determined from (2.20a) and the boundary
condition (2.17a) (with tX = 1) as

A = P(t). (2.23)

For the Tresca yield condition considered here, the plastic deformation initiates at
R = 1 with the vanishing of the initial yield function, given by (2.11a), which corresponds
to the regime AB. Substitution from (2.18) and (2.20) into (2.11a) now results in

(2.24)

which assures that the disk is fully elastic and which defines a domain bounded by the
ellipse r 1, whose equation is (f3 - n)2 p 2+m2 = 1, and the P-, m-axes in the plane of the
load parameters m and P (see Fig. 2).

For further loading in violation of (2.24), plastic deformations take place at the vicinity
of the hole.

1.5
(1,1.5)

I

~

0.5

pet)

m(tJ 0.5

(0)

1.0

FIG. 2. Plane of load parameters m and P.
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3. FINITE DEFORMATION OF A RIGJD.-PLASTIC DISK

For rigid-plastic disk and upon further loading that violates (2.24), a plastic region
corresponding to the regime AB (Fig. 1) develops in the part of the disk defined by 1 S;

R s; Po, where Po, as a function of t, is the dimensionless radius ofthe plastic-rigid interface.
In the rigid region R = Ro ;;:: Po, the stress and the displacement fields are obtained from
the corresponding elastic solution by setting v = ! and E 00. Therefore, (2.21) and (2.22)
show that

The stress-state is still given by (2.18) and (2.20) with

R;;:: Po. (3.1)

(3.2)

which is obtained from the condition (2. 11 a) at R = Po with a = 1, and {3 is given by
(2.20c) with v = i. Since {3 > n, A in (3.2) is always positive, rendering a, < 0 < ao for
n < 2 and R > Po. Moreover, from the continuity of a" a,o, and fAB at R = Po, it follows
that ao is also continuous there. Equations (2.4) and (2.11 b) now yield

Rv,. = e(t) (3.3)

in the regime AB, where e(t) is independent of R. Since v,. is continuous at R = Po and
vanishes for R = P6, we conclude that v,. = 0 everywhere. Thus, using (2.3) and (2.4),
we arrive at

R = Ro, H = H0 for 1 s; R ::s; Po.

From (2.11 b) we must either set 1 = 0 or a, = ao. By the radial equilibrium requirement,
(2.2a), and the boundary condition (2.17a), however, a, = aoleads to a, = ao = constant < 0
which contradicts the condition a, '# ao at Ro = P6; this condition corresponds to the
solution in the rigid region. We must, therefore, set 1 = 0, obtaining

e,o = 0,

where 00 measures angular position in the undeformed state. Hence, for the neutral regime
AB, there is no plastic flow and, consequently, no strain-hardening effects. We need only
to consider the stress field in the region 1 ::s; R s; Po.

To this end, we substitute from (2.18) into the yield condition (2.11a), and noting that
a = 1 in this case, obtain

(3.4)

(3.5a)

where the negative sign on the right side assures that ar and ao are continuous across the
section R = Po. Substituting (3.4) into the equilibrium equation (2.2a), setting R Ro,
H = H 0 = R~, and using the continuity of the radial stress a, at R = Po, we finally arrive at

ii, = __1 _(1_m2pi)2R-4)t(po)R -Ri)RG(n, Ro, Po)
fJ-n Ro
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which, with the aid of (3.4), yields

iio = ii,+(I_m2Ro2n-4)t,

where

We note that ii,o is given by (2.18).
From (3.5a) and (2.17a), we obtain

1
P(t) = -13(I-m2po2n-4)1po+G(n,I,po)

-n

which relates Po to the load parameters P(t) and m(t).
In obtaining the results presented above, we have tacitly assumed that

m(t) S 1,

and
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(3.5b)

(3.5c)

(3.6)

(3.7a)

(3.7b)

which are required in order to render all the involved physical quantities real; note that,
only for n > -2, (3.7a) implies (3.7b). We now examine the constraint (2.15) which must
be fulfilled if the state of stress is to stay on the regular regime AB. The material element
at Ro = Po is in the state of stress corresponding to the point D in Fig. 1, while the stress­
state for an element at Ro = 1 is defined by a point located somewhere between D and B.
When the applied loads are such that (3.7a) is satisfied and n > - 2, the state of stress at
Ro = 1 is at the corner B of the yield hexagon when ii,(I) = -i-1(I-m2 )1, as can be seen
from (2.I2a), (3.7) and (3.4). Because of the boundary condition (2.17a), the region 1 S
Ro s Po remains in the state of stress corresponding to the regular regime AB if

(3.8)

The domain bounded by the curve r 2 and the P- m-axes in Fig. 2 corresponds to (3.7a)
and (3.8). The region 1 s Ro s Po(t) is in the neutral plastic state, corresponding to the
regime AB, as long as the restrictions (3.7) and (3.8) are not violated anywhere in this
region. Upon further loading, either (3.8) or (3.7) may first be violated, and, hence, two
different plastic solutions, which will be called plastic solutions I and II, respectively,
must now be considered.

A. Plastic solution I

(a) General formulation. When the load parameters P(t) and m(t) are increased in such
a manner that the inequality (3.8), but not (3.7), is violated, there develops a new plastic
region fj S R S PI corresponding to the singular regime B (Fig. 1), where PI(t) is the
radius of the interface between the plastic region corresponding to the regime AB and that
pertaining to the corner B of the Tresca's yield hexagon. The stress field in the rigid region
R = R o ~ Po is given by (2.18) and (2.20) with A defined by (3.2), and that in the neutral
plastic region PI S Ro s Po is furnished by (2.18) and (3.5), where Po remains to be deter­
mined.
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(3.9a)

In the new plastic region 5 ::;; R ::;; PI' ii,e is given by (2.18). Substituting (2.18) into
(2.12a), and solving the resulting equations for ii, and iie, we obtain

ii 1(-1 1H-1R-4)~
(J, = -2-7 (J -m "

ii+ 11 - 1 1H-1R-4)~iie = -- 1\(J -m '2 . (3.9b)

With the aid of (3.9), the equilibrium equation (2.2a) may now be integrated, yielding

Hii = D/(2DR 1_m1)t, (3. lOa)

where D = D(t) is determined from the requirement that H = Ho and ii = 1 at R = p"
i.e.

which yields

D = p1[p1+ 1+(pin+4-m1)-!].

From (3. lOa) and (3.9) we now obtain

ii, = -ii(1-m1/2DR1),

iie = - iim1/2DR1.

(3.10b)

(3.l0c)

(3.11a)

(3.11 b)

The relation between Po and PI is found from the continuity of the radial stress ii, at
R = PI' From (3.5a) and (3.9a) we now obtain

2
1+(1_m1pi 1n - 4)t --f3~(l-m1po1n-4)t(po/pdn-2PinG(n, PI' Po) = 0, (3.12)

-n

where the fact that ii = 1 and H = H o for R = PI is also used. Equations (3.11a), (3.lOa)
and the boundary condition (2.17a) now relate P to PI as

(3.13)

where the dimensionless current radius of the hole, 5, remains to be determined from the
displacement field.

Taking the time-derivative of both sides of equation (3.lOa) and using (2.3) and (2.4),
we obtain

i z = -;+~-(DR1-mm+2DR1ie)(2DR1-m1)-1.

Substitution from (3.11) into (2.12b) yields

A
i, = "2ii[ -1 +(1 +y)m1/2DR 1],

A
ee = "2ii[y-(l +y)m1/2DR1],

A
ez = "2 ii(1- y).

(3.14)

(3.15a)

(3.15b)

(3.15c)
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Equation (3.14) may now be substituted into the plastic incompressibility condition which,
with the aid of (2.4), yields

(3.17)

(3.16)
o v,. m2 v,. 0' D Dm2/2D - mm
oR 2DR2-m2 R =a:-2D+ 2DR2-m2

Substitution for eo from (3. 15b), and for ez from (3.15c) into (3.14) now results in

_ DR2-m2 0' D Dm2/2D-mm
Au 2DR2-m2 = -a:+ 2D - 2DR2-m2

which, with the aid of the hardening law (2.16), yields

A_IO' D/D(DR2-m2)+mm
- a - - - - -:-:-c:-=,-------,,--~:c-=-;;__--:;c-

2 - a ii - 2(DR2-m2)+a(2DR2-m2f

Now we replace 60 by v,./R and solve for y from (3.15b), obtaining

m2 +(4D/Aii)R v,.
y = 2DR2 _m2 (3.18)

Equations (3.16-18) govern the variations of v,., ii, Aand y.
Noting that v,. = °at R = PI and using (3.lOc), we integrate (3.16) with respect to R

from R to PI, at a fixed t, to obtain

(3.19)

where

(3.21)

1= D [(2DR2_m2)1_DPi"]_(Dm2 -mm)[(2DR2-m2)-t- p1/D]
2~1+~ 2D

(3.20)

am aDm/2(1 +a)D I [(1 +a)1(2DR2-m2)l-m][(1 +a)lDpi"+m]

+ 2(1 +a)t n [(1 +a)1(2DR2-m2)1 +m][(l +a)!Dpl "-m]"

From (2.4), (2.12b) and (2.18), we have

o (Vo) AR oR R = 2(1 +y)m/HR
2
.

(3.22)

Now, substituting (3.17), (3.18) and (3.lOa) into (3.21), we integrate the resulting equation
with respect to R from R to PI, and using the condition that Ve(R = PI) = 0, arrive at

. Vo mpi {mm 1 D 2 2} 2 2() = R = - --+-1--[(ptlpo) +am /2D] (-R- +pi )
2D D +a D

+ [m-aDm/2(1 +a)D] [(2DR2-m2)1/2DR2-ipi"-2]

+ [~-aD/2(1 +a)D](1 +a-am2/2DR2)2 1 -1
m (1 +a)

I
[(1 +a)!(2DR2 m2)! -m] [(1 +a)!Dpi"+m]

x n ~--,--;--,-=-=-=-"--:;,-;---::-::..:...,--:...,-,,.-'-.:.._~

[(1 +a)!(2DR2 m2)-1 +m][(l +a)-1Dpl "-mJ"
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(b) Solution for a genera/loading program. A general loading program may be approx­
imated in the plane of the load parameters, P and m, by a piecewise linear path. On the
ith segment of this path with the end points (mj, PJ and (mj + I , Pi + I), we set

P=J.ljm,

where Pi is a non-negative constant.
Taking the time-derivative of (3.13), we have

(3.23)

(3.24)

(3.25)

which, in view of (3.1Oc) and (3.21), expresses PI as a linear function of P and mwith
coefficients depending on the current state. If we identify the time parameter with either
P or m and use (3.23), we obtain, from (3.17), (3.19), (3.22), (3.24) and (3.19) with R = 5,
a system of first-order quasilinear differential equations for the dependent variables
if(R, t), R(t~ O(R, t), PI(t) and o(t), where the coefficients in this system of equations depend
on Rand 5. For each element located at (Ro, eo) in the undeformed state of the disk, we can
define a time to at which its state of stress reaches the corner B of the yield hexagon and
R{to) = Ro = PI{tO), O(R, to) eo, 5 = 5(to), m m(to) and P = P(to). Then, we may
employ the standard method of numerical integration, for instance the Runge-KuttaGill
method [12J, to solve this initial value problem. The thickness profile and the stress field
are then calculated according to (3. lOa), (2.18) and (3.11).

For a workhardening material, the material properties at a deformed state depend on
the strain history, and, hence, the integration of (3.19) and (3.22) in a closed form is nOl,
in general, possible. We, therefore, must employ a numerical approach.

(c) Solution for perfectly plastic materials. For perfectly plastic materials we have
a = 0 and if = L Thus, with the aid of (3.1 Ob), we reduce (3.19) to

[(2DR2-m2)tJ' (D -ny' 2 ( n+2)'PI - n+2 PI

which may now be integrated with respect to t, yielding

R = (2D)-t[PI n +4+ n~2(PIII+4-m2)t(np1+2+2RZ+2)+(n:2P'i+2+ n~2RZ+2rr,
(3.26)

where the conditions that R(to) = Ro and PI(tO) Ro are imposed, and (3.lOb) is used,
Moreover, setting if = 1, and substituting (3,26) into (3. lOa), we obtain

1
H = D[(PI"+4-m2)t+--(np'i+2+2RZ+2)rl,

n+2

From (3.26) and (3.13), we then relate P(t) to PI(t) as

P(t) = D[(PI"+ 4 -m2)t+ n~2(np'i+2+2)J[PIn+4+2(PIlI+4 m2)t

1 ( n 2 ) 2J -Ix--(np1+ 2+ 2)+ --P'i+ 2+-- .
n+2 n+2 n+2

(3.27)

(3,28)
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Although the expression for ein (3.22) can be simplified for a perfectly plastic material,
the direct integration with respect to t is still not possible and a numerical integration is
required; this reveals the fact that the angular displacement is a path-dependent quantity.

(d) Conditions assuring the validity of solution. In addition to the restriction (2.13),
which assures that the stress-state remains in the singular regime B (Fig. 1), we must
consider the following conditions

2Dl? > m2
, (3.29a)

(3.29b)

which are required in order to render all the physical quantities real. In view of (3.13),
(3.29a) is fulfilled if P(t) > 0, but (3.29b) may still restrict the admissible values of P and m.
In view of (3.lOc) and (3.28), for non-hardening materials, this restriction takes on the form

m(2n+ 2)!(n+ 2)

P > m2 +(nm +2)j(n +2)' (3.30)

The corresponding form for hardening materials cannot be obtained explicitly and must
be imposed in the course of the numerical integration.

From (3.10c) and (3.29b), it can be shown that

(3.31)

which, together with (3.17) and (3.29b), shows that the condition A> 0 is satisfied at R = Pl'
To see the implication of A> 0 in the region lJ s R S PI' we rewrite A> 0 and (3.17)
in the form

1 D ( a Dm
2
) 1

l+a2D+ mm- 1+ a 2D (l+a)(2DR2_m2)_m2>0, (3.32)

for lJ s R S PI> m ~ 0 and D > O. Now, to satisfy (3.32), the quantity (1 +a)(2DR2_m2)_
m2 must not change sign for the values of R between lJ and Pl' Therefore, because of(3.31),
we must have

(l+a)[2DlJ2- m2J-m2 > O. (3.33)

If (3.29a) and A> 0 are fulfilled, it can be seen from (3.18) that y > 0 is automatically
satisfied. We can express the condition implied by y s 1 in terms of the rates of the field
quantities, using (3.17) and (3.18). For non-hardening materials, this leads to

D(2DlJ2- m2)-! ~ p'1(Dpi - mm). (3.34)

The equality in (3.34) for non-hardening materials, or in general when y = 1, causes a
new plastic region to develop at the vicinity of the hole; this plastic region corresponds to
the regular regime AB and has the flow rule (2. 11 b). We note that, since Bz = 0 in this new
plastic region, the thickness at each element remains at the same value that it had reached
at the end of the solution corresponding to the singular regime B.

B. Plastic solution I I

We now consider the solution for m > 1 which violates (3.7a). First we observe that
when m > 1, equation (3.4) (which pertains to the neutral plastic region) does not remain
valid if the hole's radius stays at its initial value boo We must, therefore, consider a new
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plastic region, [) s; R S; PI, at the vicinity of the hole that corresponds to the regime A'B'
of the yield hexagon (Fig. 1). The solution for the rigid region R > Po is given by (2.18),
(2.17) and (3.2), and that in the neutral plastic region PIS; R S; Po is given by (2.18) and
(3.5), where Po and PI are as yet to be determined.

In the new plastic region [, S; R S; Pt, (3.3) is still valid and the continuity of v,. at
R = PI requires that v,. = 0 for [) S; R S; PI' Thus, from (2.4) and (2.11 b), we have

E, = Eo = Ez = 0, R = Ro, H = Ho R'O, (3.35a)

and, hence, the considered region is characterized by

A> 0, (3.35b)

Since in this region no radial displacement takes place, ii,o is given by (2.18). Substituting
(3.35b) into (2. 11a), we have

(3.36)

Now, with the aid of (3.35) and the boundary condition (2.17a), the equilibrium equation
(2.2a) can be solved, yielding

(3.37)

Setting Ro = PI in (3.35b) and (3.4), we relate PI to m as

From (3.5a), (3.37) and the continuity of ii, at R = PI' we obtain

1 [ (p )2"+4J1P = /3-n P'O 1- P~ +G(n,pt,po)

which relates Po and P. In (3.39), the function G is defined by (3.5c).
Substituting (3.36) into the hardening law (2.16), we obtain

A m R"+2
2 am2 0

which, with the aid of(2.11b),(2.18) and (3.38), now yields

n+2 PI
a PI

Equation (3.40b) and the relation (2.4) then give

~(Yo) = 2(n+2)_1 PI
oRo Ro a Ro PI

(3.38)

(3.39)

(3.40a)

(3.40b)

(3.40c)

which, with the condition that Ve(Ro = pd = 0, can be integrated with respect to Ro,
yielding

e= Yo = 2(n+2) PI In(Ro).
Ro a PI PI

(3.40d)
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Treating PI as our time parameter, and noting that () = ()o at PI = Ro, we can integrate
(3.4Od) to obtain

n+2( Ro)2() = ()o--- In-
a PI

(3.41)

which also indicates that the solution given in this section is valid only for hardening
materials, a > O.

Because of (3.40a), the restriction A. > 0 is always fulfilled if rit > O. From (3.35b), the
restriction (2.15) requires that larl < aro for 1 :-:;:; Ro :-:;:; PI which, in view of (3.36-38),
yields

(3.42)

When the condition (3.42) is first violated (with an equality sign), it can be shown from
(3.37) and (3.38) that at Ro = PI' aro = -an al = 0 and a2 = -2aro < 0; this state of
stress corresponds to the singular regime B' of the yield hexagon (Fig. 1). For P > !mn/(n+ 2),

there exists a new plastic region, P2 :-:;:; R :-:;:; PI' in which the state of stress is at the regime B' :
this new plastic region bounds the inner region fj :-:;:; R :-:;:; P2 at R = P2' The solutions for
the regions P2 :-:;:; R :-:;:; PI' PI :-:;:; Ro :-:;:; Po and Ro ;;::: Po are essentially the same as those
considered in the last section; the functional relations among PI' P2, P and m, must, of
course, be determined.

In the region fj :-:;:; R :-:;:; P2' the state of stress is on the regime AB, where no thickening
takes place. We thus must have

(3.43a)

We denote by to the instant at which this region is initiated, where e(to) = 0, R(to) = Ro and
PI(tO) = P2(tO) = PIO; for t > to, PI > P2' Then, we integrate (3.43a) with respect to t from
to to t, obtaining

R2 = R5+2e(t),

e(t) = f' P2 v,.(R = P2) dt,
to

(3.43b)

(3.43e)

where v,.(R = P2) is given by (3.19). Since Bz = fI/H = 0 implies that H = Ho, from (3.43b)
we have

which can then be substituted into (2.18) to yield

- - m R - 2(R2 2 )-n/2(JrO - 2" - e .

An equation governing 0 is then obtained from (2.3), (2.4), (2.11) and (3.43) as

00 _ 'R- 3 #-rO
oR - e «(J2 -4a;oYt'

(3.44)

(3.45a)

(3.45b)
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where iiro is given by (3.45a). Now, we can eliminate H, iioand iirO from (2.2a), (2.11a), (3.44)
and (3.45a), integrate the resulting equation, and using the boundary condition (2.17a),
obtain

(3.46a)

(3.46b)

(3.47a)

and

iio = iir+[ii2-m2R-4(R2-2e)-nJi.

Moreover, from (2.4), (2.11 b), (2.5), (3.43a) and (3.46), we have

a= eaii2[ii2R4-m2(R2-2e)-nrt

which is the equation governing asubject to the condition

ii(R, t = to) = m(t = to)Ron-2 (3.47b)

given by (3.36). Setting R = p2 in (3. lOa) and using (3.43b) and (3.44), we obtain

ii(R = p2) = D(2Dp~ _m2)-1(p~ _2e)-n/2, (3.48)

where D is given by (3.10c) as a function of PI and m. From (3.11a), (3.46a) and (3.48), the
continuity of iir at R = P2 now yields

p = -i-P22(2Dp~-m2)i + f: 2

[ii2y-2(y2 -2e)n_ m2y -6Ji dy.

Taking the derivative of (3.49) and using (3.43), (3.47a) and (3.48), we have

P = {gl(lJ, P2)-D-4[D4ii2(D)-m2Ji}e+t(2Dp~ _m2)-ib

- [g2(D, P2) +tp2 2(2Dp~ - m2)-tJmm,

where

(3.49)

(3.50a)

and where

(3.50c)

(3.50d)

For the numerical calculation, it is convenient to consider PI as our time parameter.
With the aid of(3.lOc), the rate quantities e, Pand mat a given state and for a general loading
program can be obtained from (3.23), (3.50), (3.43a) and (3.19). With e known, afollows
from (3.47) and B(R, pd for D~ R < P2 can be obtained from (3.45b) with the boundary
condition B(p2' Pd given by (3.22) for R = P2. From these rate quantities, we can now solve
for the field quantities at a new state; due to the fact that the coefficient of ih in (3.50a) is
identically zero, the values of P2 at this new state cannot be calculated directly and have to be
evaluated from the condition (3.48) which must be satisfied at R = P2.

For the special loading program

m = mo = constant = m(to), (3.51)
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we can relate u(R, pd to e(Pl) and P2(Pl) to Pl implicitly, where Pl is considered as the time
parameter. Indeed, for the loading program (3.51) and in view of (3.43b), (3.47) can be
integrated to yield

[au(R5 +2e)+ 2g(u, e)]a2[u(R5 +2e)+ g(u, e)r 2au -a2+4

and

where

-(R2+2)+(-) -l-2Rn+4 [ g(u,e) ] "ora--2,
(J 0 e g (J, e = mo (J 0 exp -( 2 2) (_) l'

(J Ro+ e +g (J, e

(3.52a)

(3.52b)

g(u, e) = [u2(R5 +2e)2 - m5Rij 2n]1-. (3.52c)

Setting R5 = P~ - 2e, we obtain, from (3.48) and (3.52),

[(a+2)Dp~ -2m5]a2[2Dp~ -m5ra-Z(p~ _2e)-a2+4 = Da2-4aa2mij2(a-Zl, for a#- 2,
(3.53a)

and

mo(2Dp~- m5)3/Z(p~ - 2e) - 2 = D2 exp[l - Dp~(2Dp~ - m5) - l], for a = 2,

where D as a function of Pl is defined by (3.lOc) with m = mo.

C. Discussion and numerical results

(3.53b)

As can be seen from the results of subsection A - (c) of the present section, the angular
change () - ()o in an active plastic state depends on the strain history even for a perfectly
plastic material (a = 0). For workhardening materials, the solution in an active plastic
state must be obtained by tracing the strain history. For this purpose, we have expressed
the governing equations in the form of a system of first-order quasilinear differential
equations, reducing the problem to an initial value problem which can be solved readily by a
numerical method [12].

Figure 3(a) is the plot of the radial displacement ur/bo = Ur at the hole as a fun<;tion of
the pressure parameter P for the indicated values of mand a, and for an initially uniform disk
(n = 0); the values of the work-hardening parameter a are taken to be 0, 0'1, 0'5,1 and 5, and
for each value of a, the values of twisting parameter m are taken to be 0, 0·5 and 1. The
corresponding results for an initially conical disk (n = 1) are shown in Fig. 3(b). We note
that the results in Fig. 3(a), for n = 0 and a = 0, are also given in [lO]. From Figs. 3(a) and (b),
we observe that, for given values of P and m, the radial displacement Ur(b) decreases with an
increase in the workhardening parameter a, and increases with an increase in the twisting
parameter m for fixed values of P and a.

We next consider the solutions corresponding to the state m = 1 and P = 1'5, being
attained by the three loading paths (a), (b) and (c) which are shown in Fig. 2. Figure 4 shows
the thickness distribution for n = 0 and n = 1, and a = 0, 0·1 and 1; the results for the
paths (a), (b) and (c) are shown by solid, dashed and dash-dot lines, respectively. It can be
seen from Fig. 4 that these three loading paths yield quite different thicknesses at the vicinity
of the hole. The corresponding results for the stress fields in the active plastic region are
shown in Fig. 5(a) for n = 0 and in Fig. 5(b) for n = 1. As is seen, the stress field is highly
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FIG. 3(b). Radial displacement at the edge of the hole for n = 1 and indicated values of m and a.
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affected by the workhardening parameter a. For perfectly plastic materials (a = 0), only
the component iiro is path-dependent; the distribution of iiro for path (b) cannot be dis­
tinguished in the figure from that corresponding to the path (c). For workhardening
materials (a = 1), the components iiro and iio for path (b) cannot be distinguished in the
figures from those for the path (c); the distributions of iir for these three paths are quite
distinct. For more accurate results, we record in Table 1 the values of the radial displace­
ment, angular displacement and thickness, all at the edge of the hole, for n = 0 and n = 1,
and corresponding to the three paths (a), (b) and (c).

The angular displacement at the edge of the hole of an initially conical disk (n = 1) is
displayed in Fig. 6 for several values of a, and P ~ im5• This figure again reveals the effect
of the workhardening parameter, a, on the displacement field.

4. INFINITESIMAL DEFORMATION OF AN ELASTIC-PLASTIC DISK

A. Elastic-plastic solution

In this section we shall consider the elastic-plastic solution at the vicinity of the hole for
further loading subsequent to the initiation of a plastic state at the edge of the hole; elastic
strains are included and infinitesimal theory is used, hence, no distinction will be made
between Rand Ro, and ii = 1. As in the last section, upon further loading that violates
(2.24), there develops a plastic region 1 < R < Po at the vicinity of the hole, where Po
defines the elastic-plastic interface. In the elastic region R 2: Po, the displacement and stress
fields are given by (2.22), (2.18) and (2.20) with A defined by (3.2) where Po must be replaced
by Po. However, since v,. at R = Po is non-zero, the neutral plastic region does not exist in
the present case. The stress-state for the elastic-plastic region 1 ~ R ~ Po corresponds to
the regime A'B' of the yield hexagon, Fig. 1. To seek the solution in this region, we shall
regard the yield stress ii as our basic unknown.
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Substituting (2.18) into the yield condition (2.1Ia) we have

a, - ao = -I/I(a, R),

l/I(a,R) = (a2 _m2R- 2n-4)±.

(4.1)

(4.2)

(4.3a)

Eliminating iio from (2.19) and (4.1), and integrating the resulting equation subject to the
boundary condition (2.I7a) with ex = 1, we obtain

a, = R -n[ - p+ fIR yn-ll/l(a, y) dyJ
The stress-component ao is now given by

ao = a, + I/I(a, R),

and the shearing stress a,o is, of course, defined by (2.18).
From (2.20a), (3.2) and (4.3a), the continuity of a, at R = Po relates Po to Pas

(4.3b)

(4.4)

Before we determine a, and subsequently 1/1, as functions of R, we shall first consider the
displacement field.

For the stress point on the regime A'B', Fig. 1, the flow rules (2.11 b) give

which, with the initial conditions that the plastic strains are zero at the initiation of the
plastic flow, yield

and, thus,
e,+eo = e~+e~,

Upon substitution from (2.6) and (2.7), (4.5b, c) give

1 d 1- v
R dR(RU,) = E (a, +ao),

and

(4.5a)

(4.5b)

(4.5c)

(4.6a)

(4.7)

(4.6b)J{ = Ho [I-~(a,+ao)J

With the aid of (4.1), (4.6b) yields the thickness profile

H v
- = I--=[2a,+I/I(a, R)],
Ho E

where 1/1 is given by (4.2), and a, is given by (4.3a). Substituting ao from (2.19), we can rewrite
(4.6a) as

(4.8)
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In view of (4.3a), (4.4) and the continuities of Ur and fir at R = Po given by (2.22a), (2.20a)
and (3.2), we may apply Fubini's theorem to the double integral, and integrate (4.8) to
obtain

£~r = (~r~(1, ~) +(I-V){(p-n)-1(2-n)-I[n(~r -2 (~)]~(l,po)

(4.9a)

and

£~r = (~r~(1, ~) +(1- v){(p-n)-l(~) T2In(~) -IJ~(l,PO)

+R- 2f:o Y(2InY-21nR-l)~(fi,Y)dY}, forn = 2. (4.9b)

Since e; = e; e8-eO, from (2.6) and (2.7) (without superposed dots), we have

Ur 1eo = -e; R-E(fi8 vfir)

which, upon substitution from (4.1), (4.3), (4.4) and (4.9), yields

£e; = -£e:: = (~r~(I'Po)-~(fi,R)+n(1-V)(2-n)-1{(p-n)-1[(~r

(~rJ~(I,PO)+ f:o (R-2Y_R-ny"-1)~(fi,Y)dY}, for n = 2, (4. lOa)

and

£e; = -£e; = (~) 2~(l,po)-~(fi, R)+2(I-V){(p-n)-l(~) 2 In (~)~(l,po)

+R- 2 f:o y(1nY-lnR)~(fi,Y)dY}, forn = 2. (4.10b)

It is important to note that the integral terms in (4.9) and (4.10) vanish only if n = 0, i.e.
for a uniform disk which, of course, is a very special case of the general problem treated in
the present study.

Eliminating..i. and fir-fi8 from (2.11), (2.16) and (4.1), we arrive at

.1,(- R) b '11
'P a, ---=2 = e8

aa
(4.11)

where e;; is obtained by taking the derivative of (4.10) with respect to time parameter t, and
setting fi = 1 at Po R. At a given state, (4.11) defines the rate b(R, t).

To determine the angular displacement, we first rewrite (2.6) as

U U I 100 foo ' fP
O ".......!! = .......!! -2 er8dR = -2 er8dR-2 er8dR.

R R R-oo R R R R R R
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From (2.7) and (2.18), for n > - 2, we obtain

-2foo e~6 dR = _ I! v ~R-n-2
R R E n+2

Noting (2.11b) and (2.16), we have

f
PO e" fPO rna-2 ~dR = -2 _R-n-3 dR

R R R aii2

Therefore,

1+v 2ErnfPo a
R -n- 2 • R-n- 3 dR--- rn--- - .

n+2 a R ii2 (4.12)

In view of (4.11), (4.12) defines the rate of change of U6 whose initial value at Po = R is given
by (2.22b).

Upon substitution for the stresses from (2.18) and (4.3), we can rewrite the restriction
ii/io < ii;:o, which confines the state of stress corresponding to the regime A'B' in Fig. 1, as

{-2PR- n+l/J(ii,R)+2R-n FR

yn-Il/J(ii,Y)dY} 2 < ii2. (4.13)

The state of stress must satisfy (4.13), with the equality sign corresponding to the singular
regime B' of the yield hexagon, Fig. 1. With the aid of (4.4), it is found that (4.13) is always
satisfied at R = Po for values of n between - 2 and 2, provided that

(4.14)

which is also required in order to render the physical quantities real. However, as noted
in [l1J for a uniform disk, n = 0, (4.13) may be first violated (with equality sign) at R =I 1.
We shall consider such a loading program that (4.13) is satisfied for 1 S R s Po, since,
as noted in [11 J, when the state ofstress reaches the singular regime B', no further deformation
can be predicted by the infinitesimal theory. We finally note that the condition A> °
implies a> 0, as can be seen from the hardening law (2.16).

Considering Po as our time parameter, for a general loading program defined by

P = j1.rh, (4.15)

(4.16)

where j1. is a given function of P and rn, we may eliminate P, rh and e; from (4.12), (4.15)
and equations resulting from the derivatives of (4.4) and (4.10) with respect to time para­
meter Po, and obtain a Volterra integral equation of the second kind, i.e.

a(R, Po) = F,(R, Po)+ J:0 K(R, y, po)a(y, Po) dy,

where the value of Po is fixed and F1 and K are given for a given state as functions of
R, ii, rn and Po. The usual method of successive approximation [13J can now be applied to
(4.16) to obtain the rate a(R, Po) in the region 1 s R s Po for a given state.

For the special loading program

rn = rno = constant, (4.17)

the basic unknown ii(R, Po) can be obtained in a simple way. Indeed, for the loading
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(4.18a)

program (4.17) and subject to the conditions eo = 0 and ii = 1 at R = Po, and eo for R < Po
given by (4.10), we can integrate (4.11) with respect to the time parameter Po to obtain

G1{ii,R,po) =Yt{ii,R'Po)-{p:'~~;~n)[(~r -(~rJVJ{I,po)
nl]{l- v) spa= (R- 2y_RNyN-l)VJ{ii, y) dy, for n # 2,

2-n R

and

(4.18b)

where

Yl'{ii, R, Po) = InUii +VJ{ii, R)]/[1 +VJ{l, R)]} +VJ{I, R) - (ii- 1 - I])VJ{ii, R) - I] (~) 2 VJ{l, Po),

(4.18c)
and

a(To a
1]=£=£: (4.18d)

Equation (4.18a) or (4.18b) is to be solved for ii(R, Po), where 1 S R s Po, and Po is fixed.
Since for metals the ratio (TolE is of the order of 10- 3, I] defined in (4.18d) is a small quantity
for the usual values of the work-hardening parameter, a. It is noted that for,., = °(non­
hardening materials), (4.18a, b) have the solution ii(R, Po) = 1. For the very special case
of a uniform disk, n = 0, the integral on the right-hand side of equation (4.18a) vanishes,
and the solution ii(R, Po) then corresponds to the zeros of the algebraic function G1(ii, R, Po)
= 0. For I] # °and n # 0, the solution iir(R, Po) at a fixed Po, can be obtained either by a
successive approximation or by a perturbation method with I] as the perturbation para­
meter.

To use the method ofsuccessive approximation, we may begin with an initial approxima­
tion ii(O)(R, Po), whIch is obtained by setting G1 equal to zerot, and evaluate the right-hand
side of(4.18a), resulting in, say, C(R, Po). The next approximation can then be obtained by
setting G1 -C equal to zero; in order to have a better approximation the more accurate
values of ii may be used to evaluate C as soon as they are available. We repeat this procedure
until it converges to an accurate result. For intermediate values of the load parameters,
for which (4.13) is satisfied, and for usual value of a, say a '" 10, the right-hand sides of
equations (4.18a, b) are small quantities. Hence, the successive approximation is rapidly
convergent. For instance, with n = 1, v = 0,3, (JoiE = 10- 3, a = 10 and at mo = 0·9 and
Po = 1·1 (which corresponds to P = 0'6117), the results of the first and second iterations
agree with each other up to eight figures.

For small values of 1], we may use a perturbation technique by setting

(4.19)

t For n = 2, G, must be replaced by G2 , equation (4.18b).
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As a first-order perturbation solution to (4.18a, b), we find

Q\(R,po) = -1+ ~~~',~;{{~)2+(P~~)Z2~n)[(~r-(~)"]}

+ n(1-v) 1 fPo(R-2 R-n n-I)'/'(I)d forn -J. 2,
~ 1/J(I,r) R y- Y 'I',y y, T"

and

(4.20a)

(4.20b)

cI> (R -) = -1+ 1/J(I,PO)(PO) 2[1 + 2(I-V)ln(PO)]
1 ,Po 1/J(I,R) R p-n R

2(1- v) fPO

+ 1/J(I,R)R- 2
R y(lny-lnR)I/J(I,y)dy forn = 2.

We observe that since (4.20a, b) give cI>l{PO,PO) = 0, the two-term approximation of (2.24)
yields if{po, Po) = 1 as should be expected. While the perturbation solution gives an exact
value for if at R = Po, the result it predicts becomes less accurate when R is close to 1.
An extreme example is given by the case when rno = 1 for which p(R, Po) approaches to
infinity as R approaches to 1. For rno < 1, say rno = 0.9, and small 1], the two-term pertur­
bation solution given by (4.20) and (4.19) yields fairly accurate results.

As a numerical example, we consider the case when n = 1, ao/E = 10- 3, V = 0'3,
rno = 0·9 and Po = 1·1. The distributions of yield stress if(R, Po) obtained by a two-term
perturbation solution and by a successive approximationt are compared in Fig. 7 for

1012

1008

Exact SoIutian

- - - -- Two-Term Penurbatim

102 104 r 106 108 1.1
b

FIG. 7. Comparison between two-term perturbations and exact solutions of equation (4.18); n = I,
([o/E = 10- 3

, V = 0·3, rna = 0·9, Po = 1·1 and indicated values of a.

t Since the results obtained by the successive approximation can be made as accurate as we please, the corres­
ponding solution may be viewed as "exact".
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the indicated values of a; note that '7 = 10- 2 for a = 10. As is evident from Fig. 7, for
a = 1, the results predicted by these two methods agree very well with each other, and
for a = 10 the discrepancy becomes larger only for points at the vicinity of the hole. For a
more accurate comparison, Table 2 displays the yield stress ii at the edge of the hole and
the value of P which is calculated according to (4.4) when ii is determined for 1 ~ R ~ Po.
It is interesting to note that, for given mo and Po, and for large values of a, say, a = 10,
the value of the yield stress at the edge of the hole, obtained by the two-term perturbation
solution, is in error by 0·11 per cent, while the error in the value of P is only 0·01 per cent.

TABLE 2. COMPARISON BETWEEN TWO-TERM PERTURBATION AND EXACT SOLUTIONS OF (4.\8);
n = \, uo/E = 10- 3, V = 0·3, rno = 0·9, Po = \.\ AND a AS INDICATED

P IS CALCULATED ACCORDING TO EQUATION (4.4)

a 2 3

Two-term Two-term Two-term
perturbation Exact perturbation Exact perturbation ExacI

p 0·611162 0·611159 0·611234 0·611227 0·611306 0·611294

u(b)/uo \·001139 1·001087 1·002277 \·002159 1·003416 1·0032\7

a 4 5 10

Two-term Two-term Two-term
perIurbation Exact perturbation Exact perturbation Exact

p 0'61\377 0·611361 0·611449 0·611427 0·611804 0·611747

u(b)juo 1·004555 1·004260 \·005694 1·005291 \·011387 1·010253

B. Discussion and numerical results

For the values of the load parameters m and P such that neither (4.13) nor (3.8) is
violated, the distributions of the shearing stress ii,o for elastic-plastic and rigid-plastic
disks are exactly the same, as given by (2.18). The stress components ii, and iioin the elastic
region, R > Po, of an elastic-plastic disk differ from those in the rigid region, R > Po,
of a rigid-plastic disk only because of the Poisson ratio v, where Po denotes the radius of
the elastic-plastic, and Po that of the rigid-plastic interface; v = t for rigid-plastic and
o~ v ~ t for elastic-plastic materials. However, the presence of the elastic strains and
hardening effect will render the stress components ii, and iio in the elastic-plastic region,
1 ~ R ~ Po, of an elastic-plastic disk different from those in the neutral plastic region,
1 ~ R ~ Po, of the corresponding rigid-plastic disk.

To illustrate the effect of elastic strains and hardening on the solution, we consider
an example ofa conical (n = 1) elastic-plastic disk with (Jo/£ = 10- 3 , v = 0'3, arbitrary a,
and under the loads mo = 0'9 and P = 0·611747 attained by the loading program (4.17).
It is found that the dimensionless radial displacement U, at the edge of the hole equals
to 0·5050 x 10- 3 for a = 1, and to 0·5040 x 10- 3 for a = 10; since this displacement is of
the order of the elastic displacement and is affected only slightly by the hardening parameter
a, the result obtained assuming a rigid-plastic material appears to be a good approximation.
The distributions of stress components ii, and iio for a = 1, 5 and 10, are given in Table 3
where the corresponding results for the rigid-plastic disk are also reported for comparison.
As can be set"} from Table 3, for an elastic-plastic disk, the effect of the hardening parameter,
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TABLE 3. COMPARISON OF STRESSES FOR ELASTIC~PLASTIC AND RIGID-PLASTIC SOLUTIONS;
n = I, aolE = 10- 3, V= 0·3, rno = 0·9, P = 0·611747 AND a AS INDICATED

rib 1·02 1·04

a -a,lao aelao -a,lao aelao -a,lao aelao

I 0'611747 -0'173365 0'586000 -0,054927 0·562069 0·038459
Elastic~plastic 5 0·611747 -0,163841 0'585992 -0·050165 0'562055 0·041047

10 0·611747 -0,152824 0'585982 -0·044467 0·562035 0'044182

Rigid-plastic 0·611747 -0·175857 0·590233 -0·060381 0·567991 0·031880

rib 1·06 1·08 1-10

a -a,lao aelao -a,lao aelao -a,lao aelao
1 0·539963 0·115345 0·519457 0·180371 0·500372 0·236362

Elastic~plastic 5 0'539942 0'116706 0'519431 0·180950 0·500344 0·236393

10 0'539914 0'118365 0·519397 0·181650 0'500308 0·236425

Rigid-plastic 0·545417 0·109551 0'522760 0·176928 0·500576 0·183223

a, on the stress component ur is negligible, while the stress component Uo is only slightly
affected by a. The distribution of stress component Uo for an elastic-plastic disk is consider­
ably different from that for a rigid-plastic disk only when a is large; this can be expected
because the solution in the neutral plastic region of a rigid-plastic material is independent
of a. However, the difference between the distributions of the stress component ur for an
elastic-plastic and a rigid-plastic disk is small; this is not strange because both disks must
satisfy the same boundary condition ur(R) = - Pat R = 1.
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FIG. 8. Comparison of stresses for elastic-plastic and rigid-plastic solutions; n = 1, rna = 0·9 and
P = 0·611747.



Twisting and expansion of a hole in a non-uniform disk 857

Figure 8 compares stresses obtained for elastic-plastic and rigid-plastic solutions,
where the value of a for the elastic-plastic disk is taken to be 10. It is noted that under the
loadings considered here, Po = 1·1 and Po = 1·084; the discontinuity of the slope of iio
at R = Po for the elastic-plastic disk, and that at R = Po for the rigid-plastic disk, make
the distribution of iio for each of these two disks considerably different from the other in
the region Po ~ R ~ Po and immediately outside of Po. On the other hand, the distributions
of the corresponding radial stress iir in these regions do not differ from each other signifi­
cantly, see Fig. 8.
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A6CTpaKT-06cYlKAaeTClI KOHe'malI H HH«!JHHHTe3HManbHalI Ae«!JopMaUHlI 6ecKoHe'IHo pacnpoCTpaHlIlO­
IUerOClI ocecHMMeTpH'IecKoro AHCKa, HepaBHoMepHoH Ha'lanbHOH TonIUHHbI, c KpyrnbIM oTBepcTHeM.
)l;HCK HarpylKeH AaBneHHeM H KpyTlIIUHM MOMeHTOM HeYMeHbwalOIUeHclI BenH'IHHbI, BAonb BHYTpeHHeH
nosepxHOCTH oTBepcTHlI. TIpeAnonaraeTclI nnOCKoe HanplIlKeHHoe COCTOlIHHe, npH Hcnonb30BaHHH
TeopHH nnaCTH'IecKoro Te'leHHlI. TIpHHHMaeTClI, 'ITO MaTepHan AHCKa lKecTKo-nnaCTH'IecKHH AnlI KOHe'lHbIX
Ae«!JopMaUHH H ynpyro-nnacTH'IecKHH AnlI HH«!JHHHTe3HManbHbIX Ae«!JopMaUHH. AHanH3 OCHOBaH Ha
KpHTepHH TeKy'lecTH TpecKH H 3aKOHe H30TponHoro ynpO'lHeHHlI. 06paIUaeTclI oc060e BHHMaHHe Ha
3CI>«iJeKTbI KpyTlIIUero MOMeHTa, napaMeTpe ynpo'lHeHHlI H TpaeKTOpHH Harpy3KH B peweHHIO. )l;alOTclI
nOAP06HbIe pe3ynbTaTbI H cpaBHeHHlI AnlI Ha'lanbHO paBHOMepHoro H Ha'lanbHO KOHH'IecKoro AHcKa.
HaKOHeu, npHBOAHTClI cpaBHeHKe MelKAY peweHHlIMH AnlI yrrpyro-rrnacTH-'1ecKHX H lKeCTKo-nnaCTH'IeCKHX
AKCKOB. OHO rrOKa3bIBaeT, 'ITO none HarrplIlKeHHH HaXOAHTClI TonbKO cnerKa rroA BnHIIHHeM ynpyrKx
Ae«!JopMaUHH.


